- MATH EMATICAL TOOLS

o
g V'Q EYAMPLEI Solve theequatzan 6x2 -13x +6=0,
Soluhon Herea =6, b=-13, ‘¢c=6

‘ x “-— bt ,/b,—‘4acz‘ + 13 +v,/169 —4x6x6 -

0 V. ALGEBRA

‘Common Idenmles i
| ",jfl?il(a+b)2f—d +2ab+b2—'(a b)2+4ab
‘ "'\',;(a R =a 2ab+b2—(a+b) g,

“*2a g ' 2><6

b =(a+b)(a-b) N
"5:fff(a+b)3-a +3azb+3abz+b3 13:t 169 144 13+5 — 8
i e +b3+3ab(a+b) : ffl ;3 ,‘2 ; ‘2‘ 127 ,”12
) (a- b)‘—a3 34% +3ab? - b3 =f;‘($§* i

"""z;‘r‘]"“ iy, 3ab(a b) :
2 (a4 (e ab+"2)
.‘j.’f—(a+b)3 -Saba+1)

Bmomlal Theorem

s n is any mteger, posxtlve or negatxve, ora frachon
and X 1s any real number, then

n('l 1) it n(n 1)(n-2) 3
31

(1+x)” L
rfrwhéré'zl—le 3!,=3x2x1
Ingeneral ‘nl=n(n-1)(n-2).3x2x1
If |x|<<Lthen 1+x)" =1+ nx.

EXAMPLE 2. The acceleration due to gravity at a height h
i Eabove the surface of the earth (radius = R) is given by

i R
g (R+h)

e ' 2h
If h <<R, then show that: g = g(l—?J
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'R If 1 is the length of an arc and 6 is the angle

.

Sqluttonyy :( RT;;')E sublended ot the centre of the circle as shown in
a 2 Fig. (), I., then
. ’(l + 'h') 0= e, ok radian
b h Y . R Radlus
R'( 1+ )
R e

Using binomial theorem,

(s

As k<< R, h/ Ris very small, so terms containing

higher powers of 1/ R can be neglected. AR A
2h Fig 0 1
g =x(1-—) ircle is
R _ Angle subtended at the centre of the circle is
0.2 v MENSURATION _ | 0= C’rcl‘;’gfe’er‘c" 22 ~27 radian
adius
1
h“‘:.,m“: Formufue‘ e g D n radian =180° =200 &
1Iraamierence O a CIrcle =47r = ﬂDz : 1 radian = 57°916'22"" =63 4 63’ 64"
. nD”
Area of a circle =1 = Trigonometrical Ratios
i ey ~In right angled A OMP, of Fig. 0.2, ZOMP =90°
Surface area of a sphere = inrz =nD and 2 POMZ 8,
Volume of a sphere = 3 ar ,
Surface area of a cylinder
=2ar* + 2l =2nA(r+1)
Volume of a cylinder  =ar?
Curved surface area of a cone = nrl
Volume of a cone =§ nr’h : : }.gon
Volume of a cube =‘('side)3 . W i S We can define the trigonometric ratios as follows :
i . :2 'j ; : ! ; y
Surface area of a cube ‘—6 X (,Sld?); L 4 il sine o = Perpendicular  PM _ =<in B
0.3  TRIGONOMETRY - it jrpoimus | OF
Systems of Measuremehf}of'un Angle RN b cosine 0 = }___lEL _OM _ )
(1) Sexagesimal system. In _this system, ; v pposhe &
1 right angle =907 (degrec) | ! tangent ( = petpendicular - e tan O
1°=60’ (minute) | base oM
I'=60"(second) cosecant 0 = _fypotenuse L A

(if) Centesimal system, In this system perlwndlculm PM

1 right angle =100 # (grade) ]_‘}_'_l"“l"‘,‘.‘,‘l’f OP

secant () = = =0
14 =100/ (minute) - hase i
1 =100" (second) cotangent = — base . piﬂ .ot 6
(iti)y Circular system, In this system, the unlt of angle pmpvmluulm PM
is radian, ; Fundamental Trigonometric Relations
One radian is the angle sublended af the centre of a circle 1, cosec 0 = -;l--- . sec 0 = _'___‘ ot 0 = U
sin 0 tos 0 tan 0

by an arc whose length is equal to the tadius of the circly,

Scanned by CamScanner



: 0
2. tan 0 = s ’
cos 0

3. sin 20+ cos20=1, 1+ tan? O =sec’0,

1+ cot’0 = cosec 9
T-rcmos of Allied Angles

sin (- 0)=-sin 6
cos (— 0) = cos 0

. tan (- 0)= —j",tan gl

' sin (90° - 8) = cos 6

cos (90° - 6) =sin 0

tan (90° — 8) = cot 0

‘ i sin (90° + 6) = cos 6
. cos{90°+0)=-sinB
_ tan(90° + 8) =~ cot 0

. sin (180°—

g 0)=sin 0
' cos (180° —6)=—cos 6
‘tan (180°—-6)=—-tan 6

' 5in(180° + B) =—sin 0
 cos(180°+ 8)=—cos 6
| tan (180° + 0) = tan 6

cosec (180° - 0)

cosec (180° + B) =—cosec O

coséc (—8)=-cosec 8
sec( B)=secH .
cot@=-cot @

| cosec (90° — 8)=sech

sec (90° - 6) = cosec 0

cot (90° - 0) =tan 6

cosec (90° + ) = sec 8
sec (90° +0)= Ll cosec 0
cot (90° + B) =—tan 0
= cosec 0
sec (180°-0)=—secO
cot (180° - 6) =—cot 8

sec (180° + ) =—sec 6
cot (180°+ B) =cot O

.. Some Important Trigonometrical Formuloe

~ sin(A+ B)=sin A cos B+ cos Asin B
sin (A — B)=sin A cos B-cos Asin B

g ébs(A+ B)=cos A cos B—sin Asin B

| ch(A—B)=cosAcosB+si11AsinB’

tan A+ tan B
1—-tan Atan B

tan (A + B) =
tan A —tan B

1+ tan Atan B

2tan A
1+tan A

tan(A- B)=

sin2A=2sin Acos A=

cos2A=cosz‘A—sin2A=1—2 sin? A

<l 4
=2c052‘A—1=l-—~E£2£
1+tan“ A
ta112A=i£a—n3_4—
+ 1-tan“A

sin(A+ B)+sin(A-B)=2 sin Acos B
. sin(A+ B)-sin(A-B)=2cos Asin B
cos (A+ B)+ cos(A— B)=2 cos A cos B

_ sin (270°-0)=-cos @  cosec (270° - 0) =-sec O cos (A+ B)—cos (A— B)=-2sin Asin B
. c0s(270°-0)=-sin @ sec (270° — 0) = — cosec 6 s s G D " C=D
| tan(270°-8)=cot 8 cot (270°—0) =tan 6., e e B T
| sin(Q70°+6)=-cos®  cosec(270°+6) ==sec O GO ein D2 eos S P L €D
L1 cos (270° + 0) =sin O sec (270° + 0) = cosec 0 “
. tan (270° + 0) = cot 0 cot (270° + 0)=—tan B ' C
,_ ( ) ( ) | cosC+cosD=2cosC+Dcosc D
. sin(360° —- 6)=—sin O cosec (360° —6) =—cosec § e | ’2
‘?1@;‘15 cos (360° — 8) = cos 0 sec (360°—0)=sec O o B e D s C+D sin'c -D
j tan (360°—6)——-tan ) cot (360° —0) = cot 8 2
i Vqlues of ;Trigondmefrical' Ratios of Some Standard Angles
angle® | 0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180° | 270° | 360°
. 1 1 V3 V3 1 1
sin 0 0 2 \/E '? 1 —2~ ﬁ E 0 -1 0
Ne 1 1 1 1 NG
cos 6 2 = | 5 R L oL
1 1
tan 0 0 - 1 V3 -3 | -1 | -—&= - 0
i ; J3 o NE] 0 00
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0.4 V¥ LOGARITHMS
Definition of Logarithm A

The logarithm of any number to a given base is the
power to which base must be raised to obtain that number.

For example, 81 =3 we can say that the logarithm
of 81 to the base 3 is equal to 4.

Symbolically, log,81=4
In general, if N =4, then log, N =x.

The common logarithm of a number is the power to
which 10 must be raised to obtain that number.

As  1000=10° log,, 1000 =3
As a°=1 log, 1=0
As a'=a log, a=1

Logarithmic Formulae
Product formula :

log, mn=1log, m+log, n
Quotient formula :

loga —=log, m-log, n

Power formula :
log, m" =nlog, m
Base change formula :
log, m=log, mx log, b

0.5 ¥ DIFFERENTIAL CALCULUS
Differential Coefficient

Let y be a function of x i.e., y=f(x)

Suppose the value of x increases by a small amount

Ax. Then the value of y also increases by a small
amount, say Ay.

. Ay .
The ratio Xz- is called the average rate of change of y

with respect to x,
When Ax approaches zero, the limiting value of 4y

- - Ax
is called differential coefficient or derivative of Yy wrt x

and is denoted by ﬂ
dx

Hence ﬂ: lim ﬂ
dx Ax->0 Ax

: coody
Physically, the derivative d_y gives the instantaneous
X

rate of change of function y with respect to variable x.

Some Important Results on Differentiation

: (1) Let c be a constant. Then —i(c) =0
dx .

Qualnicu vy valliouvalnici

dy
dx
il

(i) —(cy) c.
(ii) d%(x")mx"

(fv) Let y =u+ v, where u and v are functions of x,
Then gl_y_ = L @

dx  dx  dx
(v) Product Rule.

Let y=uw, then

Q—FF—(SFHSF—(FF)
dx
dv du
=U—+ 7V —
d

(vi) Quotient rule.

Let vy= s , then
v

dy - Den ;f—i; (Num) — (Num) -;; (Den)
dx (Den)?
du dv
v—
S dx dx
o2

(vii) ‘Chain rule. Let y be a function of u and ube a

function of x. Then

Ay _dy du
dx du dx
Let y=u". Then

d n n _ 1 du
—(u") = I
0 (u")=nu .

R | 1
“a izfoms
(viii) dx(oge X) s

o 1
(ix) E(logn x):; log, a

d
(x) d—x(ex)=e”

& ol
(x7) Ex~(a" )=a"log, a
ERT ERTEN
(xi) — (sin x) = cos x
dx
(xiti) —d- (cos x)=—sinx
dx
(x1v) £ (tan x) = sec? x
dx
d
(xv) — (cot x) = — cosec? x
dx
5 M
(xvi) — (sec x) =secx tan x
dx

o~ d
(xvii) d~x(cosec X)=—cosec x cot x



(i) y = Jax? =7 =(4x? -7)112

d i
EXAMPLE 3. Find di for the following functions :
i y 1 Using chain rule,
() y=2"+x°+10 (i) y=x+x+ Y _ Ly _7)-12 442 _g)
{if) y=5x" +3x”° + 6x. '
(iii) y : ‘ =1(4x2 _7y 2@y _gy=— 2%
Solution. 2 /4x2 iy
NI Y. '
() y=x" +x.+10 EXAMPLE 5. Find the differential coefficient of the following
dy d d d | jons : TR
Cadbe o lx x x (i) cos(ax® +b) (i) ta’x (i)
1+cosx

=5x* +3x? +0=5x% + 3x°
@) y=x+ & e i M TP, S ) Solution. (i) Let y = cos (ax2 +b)
Jx dy:—sin(ux2+b)-‘;ix(ax2+b)

; Then —
dy 1,0, -2 1 -3 dx
dx 2 , ‘ = —sin (ax® + b).2ax
=1+__“\1/___1—\/_, : = — 2ax sin (ax® + b).
2Vx  2xJx
: s . (iiyLet  y= tan>x -—-(tanx)3
(iif) y = 5x* + 3x™“ + 6x Then —[-i-y-=3(tan xP di(tan %)
dy d 4 d 32 d x *
e E(x )+3a§(x )6 E(x) =3 tan? x. sec® x.
sin x
=5x4x3+3><-231x”2+6x1 ke, . Sy
=20x3+2x/§+6. Then
i o d . { d
d (1+ cos x) — (sin x) —sin x — (1 + cos x)
EXaMPLE 4. Differentiate the following functions : L. dx ; dx
i : : x4 dx (1+ cos x)
() 3x" +7)(6x +3) (1) Tt _ (1+ cos x)cos x — sin x(0 — sin x)
‘ , (1+ cos x)2
[ 48 a 2 L ‘
() 42" =7 _cosx+ cos®x + sin® x
Solution. (i) Let y=(3x> +7)(6x +3) 2 (1+ cos x)°
Using product rule, we get o cos X+l -1
(1+cosx)* 1+cosx

fii = (3x2 + 7)i(6x +3)+ (6x + 3)i(3x2 +7) :
x a i EXAMPLE 6. A particle is moving with a uniform
acceleration. Its displacement at any instant t is given by

=(3x> +7)(6+0) +(6x +3) (6x +0)
—18%2 + 42 +36x2 +18x =54x% + 18x + 42.  5=10t+49 2. What is (i) initial velocity (ii) velocity at
) : t =3 second and (iii) the uniform acceleration ?
(i) y= x“+1 Solution. Displacement, s=10¢ + 49t
x=2
Velocity, v =g§ =10 +2 x 49¢

Using quotient rule, we get

(x —2)-i (x2 +1) -—(x2 + 1)-—4— (x-2) (1) Initial velocity
dx dx

1

d
j;/c-z T x-2) (i.e., velocity t=0)=10+0=10ms " "
2134 +0) - (25 Ty Z0j (if) Velocity at t =3 second is :
Bk it i Bl v=10+2x49x3 =39.4 ms .
(x-2) ; (iii) Acceleration,
222 —4x-x*-1 x*-4x-1 g, oH —2
= =, IR A Ty 98 t)=0+98=98 ms
(x-2) (x -2y gty
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EXAMPLE 7. A particle starts rotating from rest according

to the formula,
38 2

20 3

where O is in radian and t in second. Find the angular

velocity o and angular acceleration o at the end of 5 seconds.

<
Solution. Given 0=——-—
203
Angular velocity,
_do_df3r £ o 2t
Tt dt\ 20 3 20 3
At t=5s5,
PR e el LI o
20 3 0
Angular acceleration,
_do_dfof 2t) 18, 2
dt dt{ 20 3 20543
At t=5s,
18x5 —%—383 rad s~
20 w3
ExAMPLE 8. Show that power is the product of force and

velocity.

Solution. Work = Force x distance

or W =Fs
Power = Rate of doing work
' dW d ds
= Ll FZ=F.
’ TR TR T e
EXAMPLE 9. A balloon is being filled by air so that its

volume V 1s gradually increasing. Find the rate of increase of
volume with radius r when r =2 units.

Solution. The volume of spherical balloon is

V=fl—n:r3
3 )
The rate of increase of volume V w.r.t. the radius r is
iK:i(émﬂ)
dr dr\ 3 .
av 4 d 3, 4 2
£ —=—n.—((r)==n.3rr =4 r2
- dr 3ndr( ) 31r d "
When r=2
WV o tn @) =165
dr

ExaMmPLE 10. For a particle executing simple harmonic
motion, the displacement from the mean position is given by
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y =asin (ot + ¢); where a, wand ¢ are constants. Find the
velocity and acceleration of the particle at any instant ¢,

Solution. Dlsplacement, y=asin (ot + ¢)

Velocity,
gty
v =I—l—ﬂ[u sin (ot + ¢)]‘
'=a cos (ot + '¢)'—d— (ot + ¢)
=wa cos(mt+¢)
Acceleratlon, ;
,__‘ dv _i )
a —_E gy [wa cos (ot + q?)]
- _wasin (of + ¢)%(mt+ 9)
= — mz asin (ot + ¢).
0.6 INTEGRAL CALCULUS

Integrahon

Integration is the reverse process of differentiation. It is
the process of finding a function whose derivative is
given. If derivative of function f (x)w.r.t. x is f'(x)
then integration of f'(x)w.r.t. x is f (x). Symbolically,
we can say
if % [f()]=f'(x), then [ f'(x)dx=f(x)

Some Standard Ele‘lyneniary‘lntegruls :

Some standard elementary integrals alongwith
their results on differentiation are as follows :

1. g () = f ] Ix" dx = +c
X (n +1)
provided n# -1
Here ¢ is constant of
‘ integration.
2. i(x):l Idx=5c+c
dx

d 1 dx '
3. E(lpggxhz I—x~=logex+c

4. di(SiNX)=cosx jcosx.dx=sinx+c

X

5. ;id—(COSX)=—sinx Isinx.dxz—cosx+c
x

6 di(tan x) =sec® x _[seczx.dx:tanx+c
X

q .
7. ——(cot x) =—cosec? x ICOSQCZ

x.dx=—cotx+¢c
dx .

d
8. ir (sec x) =sec x . tan x Isecx-fanxdx=secx+c
x




thferentzatmn Integration

Solution. J' ‘ GIV21m dx = GMmj x % dx

9. _d_. (cosec x) J-(‘:OSéC x.cot x dx it f : R
dx Al . =-—cosecx +¢ : ‘ _1 i
= — Cosec X, - ‘ : ®
’ R - A : - GMm|*— - GMm[l}
2 (ax + b)"* I(ax+b)" dx Hiy ettt 1 Xip
10. 3 : R :
X e (ax + b) n+1 : ‘
= na(ax + b) =———+C ; i : Litd
a(n+1) | T =-GMrn[——E}
vty d Sl dx it | i L
: — log . (ax +D i ‘ / : AR
Wiy 08 j ) j(mc+_b) iR R e =-GMrn[0—l]=———GM’".
it ‘ 1 JiE ui R R
(ax + b) S log, (ax+b)+c ‘ : ; T :
4 SFys® je“-dx s gl g | EXAMPLE 14. Find the value of_[ Fdx;
1. g (E)=e¢ : 0. i
i ‘ Fi ‘where F= kx. ‘
13. —(a")=a" IOSL ,In"‘dx I i
|1 dx : log, a
i ! i . g ‘Solution. j Fdx—j kxdx j
: ‘ =a .log, e+ c : 0 0 ;
4. y=utvw; j(uivt w) dx ; o ‘ r - ‘ 52 x
dy d“ dv e -=ju-dxi-jvdxijwdx+c i g ;k‘[ xdx=k|i—2—-]
dx dx dx dx 0 .
Definite integral , ‘ ‘ Sy, gl i e Jocii
When an integral is defined between two definite b N
limits a and b, it is said to be a dehmte integral. Tt is . . 9% i Vaiy
e by EXAMPLE 15.‘Emd the valug of _[ V av.
I e =[] =00 =o0) - - 40
; . Solutmn '[ — dV [logeV ]V
where ¢(x) is the integral of f (x). Herea and b are the | b V1 ‘
lower and upper limits of mtegratlo? LN Hat ‘ o [log V -log, V} ]
EXAMPLE 11. Integrate : x2 = cosx +—4 A" /A0
NN ‘ '=.1°gé"v—‘-
Solutlon j(x - COS X + — }dx i hatie . ‘ e il
. y i
] ' EXAMPLE 16. Evnluafe I o xzdx whereMandlare
=J.x2 dx—v[cosxdxf_[—dx =112
b B, .
constants.
o ‘ :
iy —-sin x +log x + ¢ Solution.
, wlig i 2
n/6 M _'M‘ Qg
EXAMPLE 12. Evaluate I sec? xdx. b ‘ J- T'x o= i I oy d}; :
R o j Pl : -2 " -1f2
/6 | | i Ll G ' ‘ g+
Solution. J' sec’xdx = [tan x1g ety il B
‘ : 1.0 :
0 fiil i -2
T . Lo L “ ; : 3 3
=tan— —tan0 =—=-0=—7=- M1 !
- S
;s V3 : 31 [ 2 2
Mmd
EXAMPLE 13. Find the value of J. G m % ; where G, M MIB Bl M2P Mi?
I e o [ i | i it \EE, ey
318 .8 | 3-8 .12

and m are constants.
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